SOME ASPECTS OF HERMITIAN JACOBI FORMS 



SOUMYA DAS 

Abstract. We introduce a certain differential (heat) operator on the space of Hermitian Jacobi 
forms of degree 1, show it's commutation with certain Hecke operators and use it to construct a 
Hft of eUiptic cusp forms to Hermitian Jacobi cusp forms. We construct Hermitian Jacobi forms as 
the image of the tensor product of two copies of Jacobi forms and also from differentiation of the 
variables. We determine the number of Fourier coefficients that determine a Hermitian Jacobi form 
and use it to embed a certain subspace of Hermitian Jacobi forms into a direct sum of modular 
forms for the full modular group. 



1. Introduction 

In the theory of Jacobi forms, one of the use of differential operators has been to produce new 
Jacobi forms from old or to construct other classes of modular forms, eg. elliptic modular forms. In 
this paper we introduce a certain differential operator D^, z/ G N (Proposition 13. 3p on the space of 
Hermitian Jacobi forms of weight k and index m (denoted Jk,m{OK)) of degree 1 for the Hermitian 
Jacobi group over the ring of integers of the imaginary quadratic field Q{i) (see Section [2|) to 
construct modular forms for S'L(2,Z). This is the analogue for the heat operator defined and 
studied for classical Jacobi forms by M. Eichler and D. Zagier in |2]. 

We compute the Fourier expansion of the adjoint of D^, in Section [H The vanishing of Ji^miOx) 
for all m is proved in Lemma [4Tl Further, we define a map from the tensor product of two copies 
of classical Jacobi forms (denoted Jk,m) to Jk,m{OK) and construct Hermitian Jacobi forms from 
those of smaller weights and indices using partial derivaties with respect to the variables zi and 

Also, in analogy with Jacobi forms, Dy commutes with V; (/ e N) operators in a certain sense (see 
Section[5|). In Section[6l using the Theta Correspondence between Jk,m{OK) and modular forms on 
congruence subgroups of SL{2^'L), we compute the number of Fourier coefficients that determine 
Jk,m{OK) (see Proposition I6.2p . Using this, an embedding of a certain subspace Jkm^iC^x) (see 
Definition 16. 2p of Jk,m{OK) into a finite direct sum of spaces of modular forms for SL{2, Z) using 
the Di, maps is obtained (following [2]). An analogous embedding of Jk,m{OK) is desirable, but 
one way to do that would be to prove the Hermitian Theta- Wronskian to be nowhere vanishing 
on the upper half plane. To the knowledge of the author, unfortunately we do not have this at 
present. 
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2. Notations and definitions 



Let Ti be the upper half plane. Let K = Q{i) and Ok = be it's ring of integers. The Jacobi 
group over Ok is T-^{Ok) = T\Ok) x O^, where T\Ok) = {eM \ M e SL{2,Z),ee O^}. 

The space of Hermitian Jacobi forms for T'^^Ok) of weight k and index m , where k , m are 
positive integers, consists of holomorphic functions on 7i x satisfying : 

(2.1) (P{T,z^,Z2)=^\k,meM{T,z,,Z2) := e-'=(cr + rf)-'=e"™"''> fiVfr, -^^] , 

\ CT + a CT + a J 

e e for all M = ( 2 ^5) in SL{2, Z), Mr = 

(2.2) 0(r, zi, Z2) = </'U,™[A, /i] := e2-™(^W-+^-i+^^^)0(r, + Ar + /i, Z2 + Xt + Ji) 

for all A, /i in (9/^:, where A^: K ^ Q is the norm map. 

The complex vector space of Hermitian Jacobi forms of weight k and index m is denoted by 
Jk,m{OK)- Such a form has a Fourier expansion : 



(2.3) (j){r, zi, Z2) = ^ ^ C0(n,r)e' 



00 

2m{nT+rzi+fZ2) 



nm> A'"(r) 

where O^^ = ^Ok (the inverse different of K 

We say that is a Hermitian Jacobi cusp form if c^{n,r) = for nm = N{r). The space of 
Jacobi cusp forms is denoted as J^^mi^K)- 

Hermitian Jacobi forms have been defined and studied by Klaus Haverkamp in [4], [5]. 

We consider the power series expansion of around zi = Z2 = from the Fourier expansion 
O : 

(2.4) 0(r,2;i,Z2)= J] XaA^)^?4 

a>0,/3>0 

We denote the space of modular forms of weight k (resp. cusp forms of weight A;) for SL{2, Z) 
by Mfc (resp. Sk). 

3. A NON-HOLOMORPHIC DIFFERENTIAL OPERATOR ON Jk,m{OK) 

Definition 3.1. Let 0o := 'Y1,Xv,u{,t) {Z1Z2Y be the 'diagonal part' of G Jk,m{OK) We denote 

the vector space of 'diagonal parts' arising from Jk,m{OK) by Jkmi^K) '■= {0o | ^ </fc,m(C'x)}. 
We define the operator 

d (2k -2) d {2k -2) d d"^ 



■'k,m 



inim- — 4- 



dr z\ dz2 Z2 dzi dzidz2 
Lemma 3.1. Let (f) be a holomorphic function onTi. x C^. Then, 

(3.1) Lk,m{(p\k,mM) = {Lk,m(f))\k+2,mM, wheTB M E SL{2,R). 
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Proof. By direct calculation. □ 

Lemma 3.2. Consider the power series expansion of (p G Jk,m{OK) as in (2^. Then the following 
are equivalent: 

(2) (j)\k,mM = (j) 

^ / a>iy,l3>u ^ ^ 



where M = (^^j) G SL(2,Z) 

Proof. 0|fc,mM = 



-27rimcz-\ 



CT + d^ CT + d^ CT + d 



a>0,/3>0 ^ ^ \!^>0 ^ ^ / \a,f3 

^ ^ a>v,f3>u ^ ^ 

□ 

Remark 3.1. </)o := ^ Xi^,;^!'*^) (-21-22)'' satisfies (/)o|fc,m^ = <^o, for all ^ G Jk,m{OK)- This 

l/>0,!/>0 

follows from the above Proposition by replacing by it's diagonal part 0o and retracing the proof 
from the last line. 

We denote the space of holomorphic functions on 7i x satisfying the conditions of Lemma 13^ 
(i.e. invariant under the action of SL{2, Z)) by J^mi so J^^{Ok) C from the above Remark. 
From the transformation (12. ip we get that Xa,/3 = ^''~°'~^'^Xa,/3 (e ^ ^k)- Hence Xa,a 7^ only 
when k = (mod 4). So from now on we assume k = (mod 4). We define the non-holomorphic 
differential operators next (for k = (mod 4)), but they can be defined for other congruence 
classes of k as well. See the Remark [33] at the end of this section. 



Definition 3.2. For each z/ > 0, we denote by D^, the composite map 



Clearly (^D,(j?j \k+2u,n.M = (0|fc,™M) = ^,(0) for all G J^^ and M G SL{2, Z). 
Let TTk^m ■ Jk,m{OK) — ^ Jk,m be the projection 0o. 

Proposition 3.3. The composite map DyCj) := Dy o TXk^m'P {'^^ -^i? -22) |2i=o,z2=o defines a linear map 
from Jk,ra{OK) to Mk for u = and to Sk+2u for ly > 1. 

Proof. With Definition (12. 4p , Xo,o(''") is a modular form for SL{2, Z). Since D^, are invariant under 
the action of S'L(2,Z), we get the proposition. The assertion about cusp forms when u > 1 is 
trivial. □ 
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Proposition 3.4. With the notation of definition ^3.S\) , we have the expansion 



CO u ^ 

a=0 fj.=0 

where g^'^\T) = {^Yg{T). 



u\{a + u- ij,)\{a + k + 2u- n- 2)! 



[T (Z1Z2 



Proof. The case z/ = 1 is easy to see. The rest is easily checked by induction. 
Corollary 3.5. For (p e Jk,m{OK) , 



□ 



(3-2) DA = u\ \Y.y^r'^^-^-^r ' u- 2)! ' ^-V^(^) 

Proof. This follows by considering the (0, 0)*^ coefficients in the above Proposition. □ 



Remark 3.2. Inverting the formula in Corollary 13.51 we get (letting = 



(3.3) X.Ar) = ^ {±(-ir-"iS.-mr Q -'" ( ^ , ^ 1 ^, ^ - ^-.W 
Remark 3.3. We can also define the D^, maps on the subseries of 

(t>n ■=^Xu+nA'^)i^i^2Y or 0" := ^ Xi^.f+nlT") (2:1^2)'' 
iy>0 i/>0 

It then follows from Remark 13.11 in the same way as in the case of 0o that 0„ (resp. 0") are 
invariant under the action of S'L(2,Z). So we can define operators on them. The formula for 
Dy in this case is the same as in the case of 0o except that k replaced by A; + n and Xa,a by Xa+n,a 
(resp. by Xa+n,a)- For example, if /c = 1,2,3 (mod 4), one can define the operators on 0„ 
(n = 1, 2, 3 (mod 4)) or on 0" (resp. n = 3, 2, 1 (mod 4)) and composing with the projection from 



/ A (A: + 2z.-2/.-l) (A: + z.-/.-2)! ^(,) 



4. Construction of Hermitian Jacobi forms 

We need to consider Jk,m{OK) for /c > 1, because of the following lemma: 
Lemma 4.1. Ji,m,(C'A') = for all m > 1. 

Proof. The proof is a simple application of the corresponding result for classical Jacobi forms, 
proved by N.P. Skoruppa([l2]). Let G Jl,m(Ox)• 
Define Up-. Jl^miOx) Jl,N{p)miOK), {U p4>) {t, Zi, Z2) = 4>{t, pZi, PZ2) (p G Or') 

and TT : Ji,m(C'/^) Ji,m-, (7r0) (r, 2;) = 0(r, 2;, z). Since Ji,m = 0, we have (tt o [/^) = for each 
p G Ox- Hence we get from the power series expansion of 0, 

Xa,l3Zi Z2 I > Xa,l3p P Z\ ^2 ' ^ ^ X«,/3P P ^ — U 
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This clearly implies xo,o = 0. For each n > 1 we get the following equation 
(4.1) ^(-) ^"."-" = 

a=0 

We choose {po, pi, • • • Pn} £ Ok such that each pi e Cif\Z and for each pair {i, j) e {0, 1, • • • n} with 
j, piPj 7^ pjPi; i.e., piPj G Ok\^- (For two sets A, S we have used the notation A\B :— 
{x e A \ X ^ B}.) 

We get a system of equations for each n > 1, 

M • S„ = 0, where My,^ = ( ^ ) and 5^ = (xa,n-a)o<a<n 



where M = V { ■ ■ ■ ^] 'is the Vandermonde determinant which is non-zero with our choice of 

Pi's. Hence S„ = 0. Since this happens for every n, we conclude that Xa,i3 = for all a,P and so 
= 0. ' □ 

4.1. Fourier expansion of the adjoint of D^. Let / G <S'fc+2i/ and (, ) be the Petersson inner 
product on Sk+2v Let (, ) be the Petersson inner product on J't^^iOx) and D* : Sk+2u — 
J'^'^iPx) be the adjoint of D,^ with respect to the above inner products. 

Theorem 4.2. With the above notations the Fourier development of D*f is given by 

oo 

Dtf (r, zi, ^2) = ^ Yl r)e'^'^^^^'''^''^^ where , 

nm'>N{r) 

'^^^^'''"^ ^ r()t-2)(A;-l)M 

^ a {mN(X) + rX + fX + n, f) 



(4-2) \4;(mAr(A)+rA + r-A + n)'=^'^-^ 



^ (-l)^(fc - lY^'^-i) f N{m\ + f) 

(i^-j)'^i' \^m(miV(A) +rA + fA + n) 

For the proof we make use of the Hermitian Jacobi Poincare series. Let n e Z, r e 0^^, and 
let r-^ := V\Ok) and F^ { ((o l) ' C^"")) I ^ ^ Z,p e O^j C F-^ be the stabilizer group 

of the function e"-'' := e2'^^("^+''^i+^^2) ^nder the action of F^. Let P„^;;:" (^n e Z,r G Cj^) be the 
(n, r)-th Hermitian Jacobi Poincare series of weight A; > 4 and index m defined by 

(4.3) Pn^i'^^ ^1' ^2) = XI ^ ^^'^ + '^^1 + ^^2) \k,m 1{t, Zi, Z2) 



Like in the case of classical Jacobi forms, we have 
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Lemma 4.3. 

where Xt 



_ r(fc-2) 



Proof. Let = v~^dudvdxidyidx2dy2 be the invariant volume element on 7i x for F"^. We 
have , by the usual un-folding argument, 

where r = m + , = + , j = 1, 2. As a fundamental domain for the action of F;^ on 
H X C2 we take 

F^\7^ X = {0 < M < 1, < t;, < xi < 1, < < 1} 
We make the substitution Z2 — zi = z' . Noting that = 



g-27rt;(i+n)g27ri(i-n)«g47riiie((s-r)zi)+sf'-r^'g^|2'|2^fc^y/J 



nm>Af(s) 

m 







m^-^ F(fc - 2) 



□ 



Lemma 4.4. 



{exp{azi + 62:2 + c^iZs)) 1^1=22=0 = ^{ahYc''~^ f j (a - /i) 



dzi"^ dz2 



Proof. 



Q^aQ^a {(^^Pi^^^i + + 02:1^2)) = ^j^exp(azi ) {exp{h + CZi)z2) 

-exp(a2;i) {(6 + C2;i)"ea;p(62;2 + CZ1Z2)} = exp{hz2)-;:\ {(& + czi^exp ((a + 0^2)^1)} 



= exp{bz2) ( " ) ^-^^-rTc''(& + c-Zi)" ^(a + CZ2T ^expiazi + CZ1Z2), 
from which the lemma easily follows upon changing h t—^ a — h. □ 



Proof of Theorem 4-2 . Since the proof is quite similar to that in [T3l Theorem 1.1], we will only 



include the results of our computation. From Lemma (14. 3p we can compute the (n, r)-th Fourier 
coefficient of D*/ as 

(44) (D*fP . ^DtfMm'^-'nk - 2) ^ ,r ^ ,p 
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Next, we compute Dy{Pn^i) as an infinite linear combination of elliptic Poincare series (see 
equation (I4.10p ). We start with the definition of Hermitian Poincare series : 



Pn,r(r,2;i,Z2) = 5^ ^ {cT + d) ^el- 



mCZiZ2 / A -Y N 

+ [mJS (A) + rA + r A + nj7r 



asOk 7eroo\r 

(4.5) 4 



CT + d 

mX + r)zi + (mA + r)z2 



CT + d 



By Lemma KM with a = 5 = 2ni{mx+f) ^ ^ 



we obtain a formula for 'Xa,ai 

where the power series expansion of Pn,r is J2 Aa,/3^f^2- 

a,/3>0 

_ _ ^ (27r2)"+^ 

(4.6) /.=o ^ ^ ^ ^ 

X ^ ^ (-mc)"-'^(cr + rf)-('=+'^+")A^(mA + f)^e(mA^(A) +rA + fA + n) 
AeOK 7er^\r 

For convenience of notation, we let T := mN{X) + rA + fA + n. 

Put P(r) = Yl (-mc)°-^(cr + c/)-('=+'^+")e(T). Then we have the following formula ([IHl 

7Groo\r 

p.30]) 



pM(r) = ^ /'^'j (-l)^-^(27ri)^(fc + h + a + j] 

(4.7) ^=0 ^-^^ 

X J2 (cr + rf)-('=+^+"+''+^\^-^(-mc)"~''T^e(T). 
7eroo\r 

where for non-negative integers a,b , a^''^ := . 

From equation (14. 6p and (14. 7p we get the following expression for Xa,a '■ 

X (A; + /i + a + '^"^'^ Yl + rf)"^^+^+"+''+^'^ c^-^'(-mc)'"-'^T^e(T) 
Finally taking a = u — fi in equation ( 14. 8p we arrive at the following expression for Di,{Pn^r){'T)- 



(27rz 



/i!(/i!)2(z/-/i-/i)! 



AeO/f 7eroo\r m=o /i=o j=o 
^^■^^ x(fc + /i + z/-/i + j)^^"^'^ ^^;^^''~^~^^' m'--^iV(mA + ff 

X (cr + c;)-(fc+^+'^+i) c^-'^-i T^e(T) 
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Using the identities as in [THl p. 31] we get the expansion of Dy(Pri,r)(T) in terms of the Poincare 
series: 



V 



i=0 •''^ JJ- \ ^ J- x€Ok 



2u 



where Prp~^ ^ denotes the T-th Poincare series of weight A; + 2z/ for SL{2^ Z) 

Using Lemma (14.3P and equation (14.40 and the fact that (/, P^) = "^"^^|^'^1.^7''''' for 
/ = Yl'^=o^i^y f)l"' ^ Pn the n-th Poincare series of weight k, we get the desired for- 

mula (O) in Theorem [421 □ 



4.2. Construction of Hermitian Jacobi forms using classical Jacobi Forms. In this section 
we define a map from 2 copies of Jacobi forms to Jacobi forms for the group S'L(2,Z) k Ok, 
denoted by Jl^mi^K) (see [9j); the transformation properties for these Jacobi forms being the 
same as in (12.ip and (12 .2^ except that we take e = 1. Obviously Jk,m{OK) C Jl^mi^K)- We then 
average over the units in Ok to get Hermitian Jacobi forms. 

Proposition 4.5. Fix ki, k2 G N. Let (j)j G Jkj,m-, j G {1, 2}. Define 

H (01, 02) (r, Zi, Z2) = 01 (j, ]^{zi + 2:2) j 02 (t, ^{Zi - 2:2) J d. 

Then H (0i, 02) G Jl^+k2,mi.^K) ■ If 4>i o.'"''^ cusp forms, then so is H (0i, 02) . 



Proof. The proof is easy, so we omit it. The assertion about cusp forms is easily checked by writing 
the Fourier expansion of H (0i, 02) from those of 0i and 02. □ 

Corollary 4.6. H is a bilinear map and hence by the above proposition, defines a unique linear 
map, which we still denote by H. Further averaging over the units of Ok, i-e., considering the 
map A: Jlmi^K) — > Jkm{OK) given by (p ^ ^ |fc eJ «;e have the following lift to Hermitian 

Jacobi forms: 

(4-11) Jki,m ® Jk2,m ^ Jki+k2,m{^K) ^ Jkx+k2,m{OK) 

preserving cusp forms. 

Remark 4.1. If 0i = h^9m,i,{T,z) G Jki,m and 02 9f^(^mA'^^ ^) ^ Jk2,m be their 

^ (mod 2m) (mod 2m) 

Theta decompositions (see [2j).Then the Theta decomposition (see Section [6] for definition) of 
01 ® 02 G Jki+k2,m{OK) is givcu by (clearly the construction of the Theta decomposition for 
•Jki+k2,mi^K) is exactly the same as for Jk^+k2,m{OK)) 

01 ® 02(t, Zi, Z2) = ^-^^-^^ ^ /iRe(.)(^) giin{s){r) ■ 0^^^^{t, Zi, Z2) 

This follows easily from the fact that H{9m,fi,0m,u) = G^n+ii^ and that 6^ ,. |i_m ^ = e^m,es- It 
would be interesting to study this map and to find how large the image is. 
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4.3. Construction by difFerentiation. Finally we construct Hermitian Jacobi forms from smaller 
weights and indices using differentiation of the variables 2:1, -22- This is the analogue of the corre- 
sponding construction for the classical Jacobi forms [21 Theorem 9.5]. For a function 0: TixC^ — > C 
we let := ^0 for j = 1, 2 and (j)(r,s) = 3£g^4> for r,s = 1, 2. 



Proposition 4.7. Let and ijj be Hermitian Jacobi forms of weights ki and k2 and index mi and 
m2 respectively. Then 

{i) mi(f)%l)(2) — 'm2tp(f)(2) is a Hermitian Jacobi form of weight ki + k2 + I and index mi + m2. 
{ii) (mi(f)ip(^i) - m2^0(i)) + mi0^ (^V^) - + "^2^'^ (^(i) - 00(i,i)) 

is a Hermitian Jacobi form of weight 2{ki + k2 + 1) and index 2{mi + 7712). 

Proof, (i) A meromorphic Hermitian Jacobi form of weight k and index is a meromorphic 
function 0: 7i x ^ C satisfying 

f Mr, = e^icT + V(r, ^i, ^2), Ve G and 

(j){T, zi + Xt + /i, Z2 + XT + fi) = (f){T, zi, Z2) for all A, /i in Ok 

Clearly 0(2) (resp. 0(i,i)) is a meromorphic Hermitian Jacobi form of weight k+1 (resp. k+2) and 
index (resp. 0) since in our case K = Q{i) the unit group is isomorphic to Z/4Z. Therefore, given 
^ Jki,miiOK) and G Jk2,m2{^K) wc cousidcr the quotient $ := which is a meromorphic 
Hermitian Jacobi form of weight kim2 — k2mi and index 0. Then 

This proves that mi0'0(2) — ^2^0(2) is a meromorphic Hermitian Jacobi form of weight ki + k2 + l 
and index mi + m2. Holomorphicity at the cusps is easy to see by writing the Fourier expansions 
of and ip. In case A;im2 — k2mi < 0, we consider $(2) = to get the same result. 



(ii) We calculate $(i_ 



1) 



d / 0^2-1 



km2-2 



"^10^(1) - "^2^^0(1)) + mi0^ (^V^^i) - V^V'{1,1)) + m2V'^ (^0(1) - 00(1,1) 



^mi+2 

The same arguments as in the proof of (i) completes the proof. □ 

5. Commutation with Hecke Operators 
Definition 5.1. For / G N and 0: 7^ x ^ C let 



(5.1) ^\,,mVi{T,z„Z2):=l'~' Yl ("^ + ^)"'"(-^^!^)'^( 



IZi lZ2 

IT, 



7G5L(2,Z)\M{2,Z) 

dct 7 — Z 



CT + d CT + d 



Let G Jk,m{OK)- Then (p\k,mVi G Jk,mii^K) (see [5j, ^). We consider the Fourier development 
of the action of (j^lhrnVi in the next Lemma : 
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Lemma 5.1. 



(5.2) 



\k,mVl{T,Zi,Z2) 



n=l 



tea 



nm>N{t) 



E 

a\(n,t) 
\t/aeott 



nl t 
'/ a 



e (tit + tzi + tz2) 



J 



Proof. The proof is standard and so we omit it. 

Proposition 5.2. Let u > 0, (p & Jk,m{OK), I EN, Vi as in Definition 115. Then 
(5.3) {4>\k,mVi) = {Dycf)) \k+2uTi 

where Ti is the usual Hecke operator on elliptic modular forms. 



□ 



Proof. From the definition of Di, operators in (13. 3p it is enough to prove that the following diagrams 
are commutative for all k, m : 



JUOk) ^ 



Vi 



Jk+2,m{^K) 
Vi 



Vi 



21=2:2=0 



M, 



The first diagram is commutative since V/ maps 0o (the diagonal part of 0) to 

l^~^^ (0o|^) (t, Vlzi, \/lz2) and Lk^m commutes with \k,mM (13.11) . That the second diagram is 



M 



commutative follows from (15.11) and the definition of T;. 



□ 



6. Number of Fourier coefficients that determine 



We recall the Theta correspondence between Hermitian Jacobi forms and vector- valued modular 
forms (0],[5j): Let G Jfc,m(C'x) with Fourier expansion (12.31) 



2TTi(nT+rzi+rz2) 



nm'>N{r) 



It is known ([4], [5]) that C(j,{n,r) depends only on r (mod mOx) and D{n,r) = nm — N{r) where 

AT rn.- AG- iT\ / C0(n,r) if r = s (mod mOx) and L = 4D{n,r) 

A/ : A ^ Q IS the norm map, defining Cs(L) := < g otherwise 

where s E Ol^/mOx and L G Z, we can rewrite the Fourier expansion of as (Theta decomposi- 
tion): 

(f){T,zi,Z2) = Y hsir) ■e^^^{T,zi,Z2), where 
hs{r) := Cs{L)e^^ djvd 0^Xt,Zi,Z2) := e (^^-^t + rzi + fzA . 



L=0 
Af(s)+L/4emZ 



r=s{mod mOx) 



(6.1) 

Further if we let Q^{t,Zi,Z2) := [6f^ ,,{T, Zi, Z2)) 



G C'^"*^, then we have [H Theorem 2]: 
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Theorem 6.1. For g = {gs)g^QS /mOx^^^ : Ti. C holomorphic, the following are equivalent : 



(a) II gir) II is hounded as Imir) oo and g\k-iM = Um{,M)g 
for all M e Ti{OK) = {eM\e eO^,M e SL{2,Z)} 

where 9^|i^m^ = Um{M) ■ 0,^|i,m is it's functional equation and Um '■ ^i{0) U{4m'^) is a 
homomorphism defined by it (U{n) is the group of n x n unitary matrices). 

Remark 6.1. We have hs G Mk-i (r(4m)). This follows from Theorem (16.11) (ii) and the fact that 
r(4m) C Ker{Um) (see [5, [5] for a proof). 

Definition 6.1. For a positive integer m, define 

4m^{k - 1) TT A 1 
^ 11 



(6.2) K{k,m) 



p|4m 

[■] being the greatest-integer function. Note that K{k,m) also equals , where 

(6.3) u:=[SL{2,Z):r{Am)].^ + ^. 

Let r(n) denote the number of integral solutions of x^+y^ = n. It is well known that r(n) = 45 (n) 
(see [3] for instance), where 6{n) = ^ (^)i (— ) being the unique primitive Dirichlet character 

d\n 

modulo 4. 

For 4m|/, let R{1) := Rm{l) = E E r{d). 

0<n<— ^ 0<c/<4mn 

— — 4m 

Proposition 6.2. In the Fourier expansion 112. 3\) of a Hermitian Jacobi form (j), suppose that 
Ctf,{n,r) = for <n < K{k,m). Then (p = 0; i.e., (p "is determined" by the first R{Am K{k^m)) 
of it's Fourier coefficients. 

Proof. The proof will use the Theta decomposition (16. ip . By Remark 16. 11 only finitely many 
coefficients determine each kg. Namely, if the Fourier coefficients Cs{L) of kg vanish for all 
< L < K{k,m)^ then kg itself vanish (see [TT] p. 120). 

Let 1 < L < [SL{2, Z) : r(4m)] ■ s G Oj^/mCx- From the definition of c,(L) above, c,(L) = 
unless A^(2s) + L = (mod Ami). As a set of representatives S of O^^ in O'^^/mOK we take 

(6.4) S : 1 Q + f ) where (p, q) E [—m, m — 1] x [— m, m — 1] 

2 

With the above choice, note that max{N{s)) = Therefore, when N{2s) + L = Aran G 4mZ, 
the bound on L implies that < n < K{k,m). Since there are ^ r{d) coefficients C(/,(n, r) for 

0<d<Amn 

each n > 0, this proves the proposition. □ 
Definition 6.2 ([4], [5]). We define the following subspace of Jk,m{OK) ■ 

Jk^mi^K) ■= {0 G Jk,miOK)\c^in,r) dcpcuds only on nm - A^(r)} 
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Proposition 6.3. Suppose that in the power series decomposition fi2.4\ ) of (p E J^^^{Ok), 
X^,u = for alio <iy<R{AmK{k,m)). Then(f) = 0. 

Proof. Since each Xu,u is periodic in r with period 1, (this follows by taking M = ( J j ) in the 
identity (I3.2p ) and is holomorphic on 7i, it has a unique Fourier expansion 

n \ r / 

Define f{n) := Card. {0 < d < Amn, d = □}, where d = D means d is a sum of two squares. 
Noticing that c(n,r) = c{n,r') 'd N{r) = N{r'), we let c{n,d) := c(n, r), if c? = N{2r). Also 
Xo,o = implies c(0, 0) = 0. From the hypothesis we get for each 1 < n < R{4m K{k,m)) 



^ r(d)c/^c(n, = 

l<d<imn 
N(2r)=d 

For a fixed n as above, considering this equation for 1 < z/ < f{n) we get a f{n) x f(n) matrix 
M{n) such that (since f{n) < R^im K{k,m))). 

M{n)-C{n) = 0, where M{n)„^d = r{d)d'' and C{n) = {c{n,d))i<d<Amn,d=o 

Now det M{n) = c ■ det V {1,2, - ■ ■ f(n)) 7^ 0, where c is a non-zero constant, and for integers 
ai,a2, ■ ■ ■ ai, V{ai,a2, ■ ■ ■ ai) is the Vandermonde determinant which is non-zero when 
7^ OjWi 7^ j. Therefore, C{n) = 0. 

Doing this for each < n < R^Am K{k,m)), we get c(n, r) = 0, for < n < R^Am n{k , m)) , so 
= from the previous Proposition. □ 

Theorem 6.4. r/te map V: 4p^'{Ok) ^ Mk Sk+2. 

l<u<R{Am K(k,m)) 

defined by 

(6-5) V{(f)) = {D^(p)o<^<R^imK{k,m)) 

is infective. 

Proof. If G kerV, by definition of V we have C,^, := D^cj) = for all u as in the Theorem. By 
Remark ( 13. 2p we obtain Xv,. = for < z/ < R{Am K{k,m)). Therefore = by the previous 
Proposition. □ 
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